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In a recent letter [Phys. Rev. Lett. 123, 250402], O¨hberg and Wright describe a Bose-Einstein
condensate trapped on a ring in the presence of the density-dependent gauge potential. It is claimed
that the ground state of the system corresponds to a rotating chiral bright soliton and consequently
it forms a genuine time crystal which minimizes its energy by performing periodic motion. We show
that the energy of the chiral soliton in the laboratory frame is not correctly calculated in the letter.
The correct energy becomes minimal if the soliton does not move.
The genuine time crystal would be a time-independent
quantum system which spontaneously breaks the con-
tinuous time translation symmetry into a discrete time
translation symmetry in its ground state [1, 2]. In other
words such a system spontaneously switches to periodic
motion even if it has the lowest possible energy. Frank
Wilczek postulated that bosons with attractive interac-
tions on the Aharonov-Bohm ring would form a bright
soliton which performs periodic motion in the ground
state [1]. However, it turned out that in the limit of a
large number of bosons, the soliton does not move in the
lowest energy state [3, 4]. In the letter [5] a chiral bright
soliton solution is analyzed and we show that, on the con-
trary to the claim of the authors, it also does not move
if its energy is minimal.
In [5] the following energy per particle in the laboratory
frame is considered
ELAB = 1
N
∫
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2
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)
Ψ, (1)
where A = −(~/2)∂xφ+a1|Ψ|2 and we have chosenW =
0, similarly like in the supplemental material of the letter
[5]. The lowest energy solution shown in [5] is written in
the following form
Ψ(x, t) =
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ψ(x, t) = e
imux
~
− imu
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Let us simply substitute the above solution to the energy
functional in Eq. (1). The substitution in Eq. (2) leads
to
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∫
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ψ, (4)
and employing the expression in Eq. (3) we get
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which is different from Eq. (20) in the letter [5] and from
Eq. (14) in the supplemental material of the same letter.
That is, in comparison to Eq. (5), instead of g the authors
have g˜ = (g − 2a1u) [where we have used the definition
of g˜ given in the letter before Eq. (15)]
When we substitute in Eq. (5) the bright soliton so-
lution considered in [5] [see Eq. (15) in the letter], i.e.
Φ(x− ut, t) = χ(x− ut)e−iµt where
χ(s) =
1√
2b
1
cosh(s/b)
, (6)
with b = −2~2/(mg˜N), we obtain
ELAB = −mg
2N2
24~2
+
(
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a21N
2
3~2
)
mu2
2
. (7)
Equation (7) indicates that in the lowest energy state the
velocity of the soliton u = 0 and no genuine time crystal
behavior is observed.
In the letter [5], the authors perform two time-
dependent transformations every time calculating the en-
ergy in the corresponding reference frame by transform-
ing the Lagrangian in the Dirac-Frenkel action. After
the first transformation, the energy E in the new frame
is given by Eq. (9) of the supplemental material of the
letter. The second transformation to the moving frame
leads to the energy E ′, Eq. (13) of the supplemental ma-
terial. In order to calculate the energy in the laboratory
frame, the inverse transformations have to be performed.
However, the authors do not return to the energy in the
laboratory frame but to the energy E .
We do not perform the transformations of the energy
to the different frames but simply substitute the solution,
Eqs. (2)-(3), to the energy functional in the laboratory
frame Eq. (1).
To conclude, the genuine time crystal does not form
in the system considered in [5]. In the thermodynamic
limit, systems with two-body interactions cannot form
time crystals in the equilibrium state [6, 7].
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